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Abstract

A numerical study on the mass flow rate induced by natural convection in a sloped converging channel for different inclination and
convergence angles with symmetrical heating is reported. Two-dimensional, laminar, transitional and turbulent simulations were
obtained by solving the fully-elliptic governing equations using two different general purpose codes: Fluent and Phoenics. In transitional
and turbulent cases, the low-Reynolds k–x turbulence model was employed. Special emphasis was carried out, for turbulent regime, on
the systematic comparisons of computational results with experimental and numerical data taken from literature, considering the influ-
ence of inlet turbulence intensity upon transitional point. Numerical results were obtained for wide and not yet covered ranges of the
modified Rayleigh number varying from 10�2 to 1012, the aspect ratio between 0.03 and 0.25, the converging angle from 1� to 30�
and sloping angle from 0� to 60�. A generalized correlation for the non-dimensional mass flow rate in a channel with isothermal plates
and symmetric heating conditions is presented.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Free convection phenomena plays an important role in
design and performance of different problems, like natu-
rally ventilated buildings or cooling of electronic compo-
nents. For example, inducing higher mass flow rate
results into obtaining better mixing in typical room ventila-
tion applications. The geometries studied frequently
involve structures based on converging and sloped chan-
nels formed by heated plates, where buoyancy-driven flows
take place. So, the study of laminar and turbulent buoy-
ancy-induced flows in these devices by a generalized geom-
etry may be considered interesting from a fundamental
point of view. As a consequence of the great scale of certain
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passive ventilation systems, as solar chimneys, Trombe
walls or roof collectors, the flow established becomes tran-
sitional or even fully turbulent. In addition, important
lacks over correlations for the buoyancy-induced mass flow
rate have been detected. The main objective became for the
present work to obtain a generalized correlation for the
mass flow rate as a function of Rayleigh number, taking
into account the effects of several geometrical parameters.
This correlation could be employed in sizing methods of
passive ventilation systems, for given conditions.

A large number of works published on laminar natural
convection flow in channels exists; however, only few
researches were reported on the turbulent case. Lloyd and
Sparrow [1] analyzed the conditions of transition to turbu-
lence for a flow induced by natural convection in an isolated
vertical plate and they reported a value for the turbulence
transition of Grashof number (based on the length of
channel L) of 1:24� 109. Miyamoto et al. [2] studied
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Nomenclature

b minimum inter-plate spacing in the channel
(Fig. 1)

cp specific heat at constant pressure
g gravitational acceleration
Grl Grashof number, gbðT w�T1Þl3=m2 or gbql4=m2j
hv local heat transfer coefficient, jðoT=oyÞw=

ðT w � T1Þ
I turbulence intensity, Eq. (15)
k turbulent kinetic energy, Eq. (5)
L streamwise length of wall (Fig. 1)
l typical length, l ¼ L or l ¼ b
_m two-dimensional mass flow rate
n coordinate perpendicular to wall
Nul average Nusselt number, Eq. (18)
Nub;NuL

average Nusselt number based on b and L,
respectively

Nul;v local Nusselt number based on l
P average reduced pressure
Pr Prandtl number, m=a
q wall heat flux
Ral Rayleigh number based on l, (Grl) (Pr)
Rax;Rav local Rayleigh number along the wall
Ra� modified Rayleigh number based on b, Rabðb=LÞ
Re Reynolds number, Ul=m
T ; T 0 average and turbulent temperature, respectively
T w wall temperature
T1 ambient temperature
�T 0uj averaged turbulent heat flux
U typical velocity

Uj; uj average and turbulent components of velocity,
respectively

�uiuj turbulent stress
us friction velocity us ¼ ðsw=qÞ1=2

x; y; z cartesian coordinates (Fig. 1)
yþ qyus=l, with y the distance between the wall and

the first grid point

Greek symbols

a thermal diffusivity, j=qcp

b coefficient of thermal expansion, 1=T1
c converging angle (Fig. 1)
H inclination angle (Fig. 1)
j thermal conductivity
l; m viscosity and kinematic viscosity, l=q, respec-

tively
q density
U non-dimensional mass flow rate based on b,

U ¼ _m=qmGrb

v coordinate along the wall (Fig. 1)
sw wall shear stress
x specific dissipation rate of k (or turbulent frecu-

ency)

Subscripts

bl boundary layer limit
fd fully developed limit
t turbulent
w wall
1 ambient or reference conditions
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experimentally turbulent flows in vertical channels formed
by one of the plates with a constant heat flux and the other
plate as adiabatic. They established the transition for a local
Grashof number in the order of 1013. Yan et al. [3] and Yan
and Lin [4,5] analyzed different aspects of the laminar, tran-
sitional and turbulent regimes of the flow. Yuan et al. [6] pro-
posed wall functions for numeric simulations of turbulent
convective flows in vertical plates. Versteegh and Nieuwstadt
[7] studied the scaling behaviour of natural convection flows
between two infinite differentially heated vertical walls, to
propose appropriate wall functions. Henkes and Hoogend-
orn [8] analyzed turbulent convection in enclosures.

Peng and Davison [9] employed the k–x turbulence
model to describe the convective turbulent flow within a
cavity. Xu et al. [10] analyzed the flow established in a
channel through a new model of turbulence which uses
direct numerical simulation (DNS) in the region close to
the wall and also they utilized the model k–� for the region
further away from the wall. Said et al. [11] studied the same
problem for modified Rayleigh numbers (based on width of
the channel, b) between 104 and 106, and sloping angles of
the channel, between 0� and 90�, through a modified k–�
turbulence model.

Fedorov and Viskanta [12] employed the low-Re num-
ber k–� turbulence model to calculate the induced flow
and heat transfer in an asymmetrically heated, vertical par-
allel-plate channel. They compared their results with those
obtained experimentally by Miyamoto et al. [13], and
reported that the turbulence intensity at the channel inlet
affects the location of transition from laminar to turbulent
flow. Their results indicated that increasing turbulence
intensity at the channel inlet causes the flow to be turbulent
at downstream section.

Although a large number of studies on natural convec-
tion heat transfer in vertical channels have been reported,
the induced mass flow rate has not deserve the same atten-
tion. Hajji and Worek [14] proposed an analytical solution
to fully developed flow in a sloped channel. Lee [15] inves-
tigated analytically and experimentally the effects of con-
sidering unheated extensions at inlet or outlet of a
vertical channel. Following works of Aung [16], Nelson
and Wood [17] determined both heat transfer and air mass
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flow within vertical channels with asymmetric heating
conditions.

As it could be expected, the ‘burnout’ effects described
by Guo and Wu [18] and Hernández and Zamora [19]
can not appear in our computations, for the range of
parameters and heating conditions studied. Hernández
and Zamora [19] investigated the influence of variable
property effects on laminar air flows in vertical channels
under non-uniform heating and non-Boussinesq condi-
tions. They carried out an analytical estimation of the crit-
ical wall heat flux, and they compared their results with
those obtained by Guo and Wu [18].

In this way, most of the results reported were obtained
for heat transfer parameters, while mass flow rate has
deserved a minor attention mainly for turbulent regime.
Indeed, this work is focused on the study of induced flow
by natural convection in convergent and inclined channels
(described in Fig. 1) in the laminar, laminar-turbulent tran-
sition and fully turbulent regimes with symmetrical isother-
mal heating, and aimed mainly on the induced mass flow
rate through the channel.

The first part of the paper is focused on laminar flow. In
the second one, the study of transitional and turbulent flow
is broached, with special attention on the influence of tur-
bulence intensity imposed at the inlet of the channel. Since
our objective is to analyze the effects of Rayleigh number
and initial turbulence intensity, principally over the
induced mass flow rate, Boussinesq approximation and
uniform properties for air are considered. Numerically, tur-
bulent models as the standard k–�, in combination with
wall functions has been usually applied. Contrary to forced
convection boundary layers, at the moment typical loga-
rithmic wall functions seem to be not appropriate to calcu-
late the natural convection boundary layer. In this way, the
low-Reynolds k–x turbulence model was employed to solve
the cases considered in present research. The flow was
assessed by using the Fluent and Phoenics codes, both
based on a finite volume procedure. These codes were val-
Fig. 1. Scheme of a converging sloped channel formed by isothermal AC
and BD walls.
idated enough to solve natural convective flows. Success-
fully laminar results were obtained by authors in Kaiser
et al. [20]. The working fluid is air, with a constant Prandtl
number equal to 0.71. As it could be expected, the compu-
tational results obtained with Fluent and Phoenics are
almost coincidental. However, some slight differences will
be exposed.

2. Mathematical model

2.1. Governing equations

Since the temperature variations are not too high, the
Boussinesq approximation can be employed, assuming
constants the thermophysical properties of the fluid, except
for density variations in the buoyancy term in the vertical
momentum equation. Applying this approximation, the
simplified time-averaged Navier–Stokes equations of
motion for steady, two-dimensional incompressible flow,
can be written as follows:

oU j

oxj
¼ 0; ð1Þ

oU iUj

oxj

� �
¼ � 1

q
oP
oxi
� gibðT � T1Þ þ

o

oxj
m
oUi

oxj
� uiuj

� �
;

ð2Þ
oðTU jÞ

oxj
¼ o

oxj

m
Pr

oT
oxj
� T 0uj

� �
; ð3Þ

where U is the average velocity, T the average temperature,
and P the average reduced pressure, difference between the
pressure and the ambient pressure P1 (this given by the
hydrostatic law, dP1=dx ¼ �gq1); b is the thermal expan-
sion coefficient (equal to 1=T1 for a perfect gas). The tur-
bulent stress �uiuj and turbulent heat flux �T 0uj are
supplied from the turbulence closure model, which are ex-
plained below, assuming that

�uiuj ¼ 2mtSij �
2

3
kdij; and � T 0uj ¼

mt

Prt

oT
oxj

; ð4Þ

being mt and Prt the turbulent kinematic viscosity and tur-
bulent Prandtl number, respectively; Sij is the mean strain
tensor, Sij ¼ ½ðoU i=oxjÞ þ ðoUj=oxiÞ�=2, dij the Krönecker
delta, and k the kinetic turbulent energy,

k ¼
u2

x þ u2
y þ u2

z

2
: ð5Þ

Obviously, for fully laminar flow, �uiuj ¼ �T 0uj ¼ 0.

2.2. Turbulence model

The closure problem posed in Eqs. (1)–(3) is solved
through the two transport equations low-Re k–x model.
This model has some advantages in transitional flows. No
additional models were employed to lead the flow to
transition at certain location in the flow field. The transi-
tion point takes place as a part of the solution of governing
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transport equations. Moreover, it does not require the cal-
culation of wall distances or damping functions based on
the friction velocity. In this way, the k–x model proposed
by Wilcox [21] (from the model proposed originally by
Kolmogorov [22]) has been used in the present study
mainly because it allows the simulation of transitional
flows. The model can be derived from the Navier–Stokes
equations and it can written as follows:

– Transport equation for kinetic turbulent energy k,

Uj
ok
oxj
¼ o

oxj
mþ mt

rk

� �
ok
oxj

� �
þ uiuj

oUi

oxj
� b�fb�kx: ð6Þ

� In the diffusion term, the effective diffusivity is

mþ ðmt=rkÞ, and the kinematic eddy viscosity is given
by
mt ¼ a�
k
x
; ð7Þ

being a� a function that damps the turbulent viscosity
causing a low-Re correction,

a� ¼ a�1
a�0 þ Ret=Rk

1þ Ret=Rk

� �
; with Ret ¼

k
mx

: ð8Þ

� The turbulence production term is uiujðoUi=oxjÞ.
� In the turbulence dissipation term, �ðb�fb�kxÞ, the

factor fb� is

fb� ¼
1; nk 6 0
1þ680n2

k

1þ400n2
k
; nk > 0

(
; with nk �

1

x3

ok
oxj

ox
oxj

;

ð9Þ
and b� is a damping function of Ret,

b� ¼ b�1
4=15þ ðRet=RbÞ4

1þ ðRet=RbÞ4

 !
: ð10Þ

The optative additional production of turbulent buoy-
ancy, �gibðmt=PrtÞðoT=oxiÞ, is neglected, since no strati-
fication temperature fields is expected.
– Transport equation for specific dissipation rate or turbu-

lence frequency x (i.e., the ratio between the dissipation
rate of k, and the same k),

Uj
ox
oxj
¼ o

oxj
mþ mt

rx

� �
ox
oxj

� �
þ uiuj

oU i

oxj
a
x
k
� bfbx

2:

ð11Þ

� In the production term, uiujðoUi=oxjÞaðx=kÞ, a is

another damping function,

a ¼ a1
a�

a0 þ Ret=Rx

1þ Ret=Rx

� �
: ð12Þ

� In the dissipation term �ðbfbx2Þ, fb is

fb ¼
1þ 70nx

1þ 80nx
; with nx �

XijXjkSki

ðb�1xÞ3

�����
�����; ð13Þ
being Xij and Ski the mean-rotation and mean-strain
tensors, respectively, given by

Xij ¼
1

2

oUi

oxj
� oU j

oxi

� �
; Sij ¼

1

2

oUi

oxj
þ oU j

oxi

� �
: ð14Þ

(nx is zero for two-dimensional flows, and so, fb ¼ 1).
The following experimental constants complete the
model: Rk ¼ 6:0, a�0 ¼ bi=3, a�1 ¼ 1, bi ¼ 0:072, Rb ¼ 8:0,
b�1 ¼ 0:09, rk ¼ rx ¼ 2:0, Rx ¼ 2:95, a1 ¼ 0:52, a0 ¼
1=9, b ¼ bi. A constant value of Prt ¼ 0:86 for air is
assumed in the computations.
2.3. Near-wall settings and boundary conditions

In transitional flows, the turbulence production does not
have to balance itself with the turbulence dissipation close
the walls, and the hypothesis of universality of the bound-
ary layer profiles (the ‘law of the wall’, usually logarithmic)
is not fulfilled. The k–x model allows to use wall functions
when mesh is sufficiently coarse near the wall, with
yþ > 30, or otherwise, to solve the flow within viscous
sub-layer when the mesh becomes sufficiently fine and
includes some nodes inside the viscous sub-layer, with
non-dimensional sub-layer scaled distance yþ � 1.

At inlet section, the average reduced total-pressure
imposed is P T ¼ P þ qðU 2

x þ U 2
yÞ=2 ¼ 0. The air tempera-

ture is fixed equal to the ambient temperature T1. Since
k- and x-equations are homogenous, initial values of k

and x must be imposed to start computations. Indeed,
the initial values for turbulent kinetic energy k is imposed
by the way of a turbulence intensity,

I ¼ ½ð2=3Þk�1=2

U
; ð15Þ

where U is the main average velocity at the channel inlet.
Thus, at inlet,

kinlet ¼
3

2
I2U 2; xinlet ¼

kinlet

mt

: ð16Þ

Turbulent intensity I is comprised between 2% and 30% in
all the cases outlined. In order to obtain correlations for
the induced mass flow rate, I is limited to 2%. Under cer-
tain conditions, conduction effects at inlet could be impor-
tant. For laminar flows, Hernández et al. [23] studied the
effect of including an entrance region to the domain. They
reported that an extended computational domain at inlet is
required only for cases with very low Rayleigh numbers. In
this work, the diffusion effects at the channel inlet is
neglected.

At outlet section, it is considered that the average
reduced pressure is P ¼ 0. Since an initial value of velocity
at inlet section is not known a priori in natural convection
flows, a reference level for pressure is necessary for the
elliptic numerical simulation of problem. Assuming that
the flow discharges in a jet-like manner to the ambient at
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exit, the streamwise variations of Uj, T, k and x are
neglected.

At walls, the no-slip boundary conditions is imposed on
the average and turbulent velocity components. In isother-
mal cases, it is considered that T ¼ T w; at walls with a fixed
heat flux q, it is imposed jðoT=onÞ ¼ q, with n the coordi-
nate perpendicular to wall, and at adiabatic walls,
oT=on ¼ 0. For turbulent cases, k ¼ 0 is imposed, and by
means of a balance for the x-equation, an asymptotic
expression for x as the wall is approached (see Wilcox [21]),

k ¼ 0;x ¼ Km
b�1y2

; ð17Þ

being the theoretical value for K of 2. The value for x given
by Eq. (17) is employed to calculating x at the computa-
tional first point adjacent to the wall surface.

3. Numerical computations

Results presented in this work were obtained by using
both the general purpose Fluent and Phoenics codes, based
on a finite volume procedure. In Fluent, the equations are
discretised on a staggered-grid, using the ‘Presto’ scheme
(similar to the staggered-grid scheme employed in Phoe-
nics), with a second-order scheme for the convective terms.
The Simple algorithm of Patankar and Spalding [24] was
employed to solve the coupling between continuity and
momentum equations through pressure. In Phoenics, the
results were achieved employing a second-order differential
scheme of ‘Muscl’ type for the convective terms [25]. The
authors verified that using of alternative differential
schemes produced nearly identical results. The convergence
criterion in each case was ð/iþ1 � /iÞ=/i

6 10�5, where i

denotes iteration number and / can stand for any of the
dependent variables.

In both Fluent and Phoenics codes, the turbulence
model k–x described previously was implemented. As a
competitive advantage, the k–x turbulence model
revealed to be convergent enough in this work, for the
wide range of Rayleigh number studied. The computa-
tions were carried out in a HPC160 (16 Alpha
EV68CB�1 GHz) platform. For the majority of turbulent
cases, CPU times around 25,000–30,000 s at least were
necessary.

A structured, non-uniform mesh was built in both codes.
The accuracy of the numerical results was tested by a grid
dependence study. For laminar flow, a non-uniform grid of
120 cells in the x direction and 80 cells in the y direction
was employed in most of cases. For both the horizontal
and vertical direction, and for each grid and aspect ratio,
power-law distribution was used to obtain a fine grid
near-walls, as well as inlet and outlet sections. For transi-
tional and turbulent flow, two parameters were considered
to analyze the influence of the grid size: the yþ and the
number of cells in x and y directions. Fig. 2 shows the
results obtained for a convergent channel with Ra� ¼ 109,
aspect ratio b=L ¼ 0:1, converging angle c ¼ 12	 and incli-
nation angle H ¼ 0	, for yþ varying between 0.09 and 123,
and different grid sizes (64� 48, 96� 72, 120� 80, 128�
96, 176� 132, 240� 180, 280� 210 and 400� 300). For
each grid size, the different values of yþ were obtained by
imposing different power-law distributions in y direction.
For yþ P 2, non-dimensional mass flow rate is affected
mainly by the yþ value and slightly by the number of cells,
for each value of yþ. For values of yþ lower than 2, this
influence practically disappears and grid independence
results are obtained. Following this study, the results pre-
sented were calculated using a non-uniform grid that gets
yþ lower than unity, including at least 10 grid points in
the viscous sub-layer. Since x values computed at the first
grid node close to the wall were very high, strong relaxation
factors for turbulent variables were employed to get
enough accurate solutions.
4. Discussion of results

Numerical results have been obtained for modified Ray-
leigh number 10�2

6 Ra� 6 1012, aspect ratio between
0:03 6 b=L 6 0:25, converging angle 1 6 c 6 30	 and
sloping angle 0 6 H 6 60	. First, laminar flow was
broached. Second, transitional and turbulent flows were
studied, with special attention on the influence of initial
turbulence intensity.

Nusselt number has been calculated as follows:

NuL ¼
1

L

Z L

0

Nul;vdv; with Nul;v ¼ hvl=j; ð18Þ

where hv is the local heat transfer coefficient, l a typical
length and L the length of the channel.

The non-dimensional mass flow rate has been defined as

U ¼ _m
qmGrb

; ð19Þ

with _m is the two-dimensional mass flow rate, and Grb the
Grashof number based on b.
4.1. First part: Laminar flow

Fig. 3 shows the results obtained for mass flow rate
induced in a vertical channel (c ¼ H ¼ 0), for a wide range
of modified Rayleigh number, Ra� ¼ ðGrbÞðPrÞðb=LÞ, and
values of aspect ratio equal to b=L ¼ 0:03 and 0:1. As
expected, two different trends have been obtained: fully-
developed (fd) regime for low enough Ra�, and boundary
layer (bl) regime, for high enough Ra�. There is an excellent
agreement between numerical results and the asymptotical
solution given by Hajji and Worek [14]:

Ufd ¼ U1 1� 1

24

� �
U1Ra�=Pr

� �
; ð20Þ

with U1 the value of Ufd when b=L! 0, equal to 1/12.
For values of Ra� between 10�2 and 1, deviation of



Fig. 2. Influence of number of cells and yþ values on numerical results. Ra� ¼ 109, b=L ¼ 0:1, c ¼ 12	, H ¼ 0	.

Fig. 3. Non-dimensional mass flow rate U as a function of modified Rayleigh number Ra� and sloping angle H, for a channel with isothermal heating,
converging angle c ¼ 0	, and aspect ratios b=L ¼ 0:03 and 0.1.
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numerical results with regards to above expression was of
1%. In boundary layer regime, although dimensional mass
flow rate _m increases as Ra� increases, that augmentation
is lower than the increasing of buoyancy forces (i.e., Gras-
hof number). Then, dimensionless mass flow rate U de-
creases when Ra� increases, as it could be appreciated in
Fig. 3. The results obtained were fitted to following
expression:

Ubl ¼AðRa�ÞB; ð21Þ
with A ¼ 0:967 and B ¼ �0:646. For 103

6 Ra� 6 105,
deviation was about 7 %. Taking into account the non-
dimensional parameters defined above, results obtained
were almost independent on channel aspect ratio b=L.
4.1.1. Influence of sloping angle

For the cases studied in this research, the influence of
sloping angle regards to vertical axis, H, is taken into
account including the factor ðcos HÞ in the definition of
the Rayleigh number. Said et al. [11] have proposed the fac-
tor ðcos HÞ0:5. The utilization of Rayleigh number based on
ðcos HÞ factor means the assumption of a widely employed
practice for inclined plates. In a converging or sloping
channel, the buoyancy force is no longer solely in the
streamwise direction, since a component also exists perpen-
dicular to the heated wall. Thus, the specific buoyancy
force that accelerates the fluid in the thermal boundary
layer is ½gbðT w � T1Þ cos H� instead of ½gbðT w � T1Þ�.
Later on, a correlation for the case of fully turbulent flow,
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which includes both the sloping angle ðHÞ and the conver-
gence angle of the plates ðcÞ, will be exposed. The specific
buoyancy force is ½gbðT w � T1Þ cos H cos c� in the last case.

Cases made with H ¼ 15	, 30�, 45� and 60�, and aspect
ratio b=L ¼ 0:03 and 0:1 were computed. Results are com-
pared with those obtained by Hajji and Worek [14] for
dimensionless mass flow rate, and a good agreement is
found, as shows Fig. 3, where Ra� is modified through
ðcos HÞ. Once again, the influence of b=L results almost
negligible. In a similar way that above, the boundary layer
correlation for U can be written as:

Ubl ¼AðRa� cos HÞB; ð22Þ

fitting also with A ¼ 0:967 and B ¼ �0:646, for 103
6

Ra� 6 105 and a deviation about 7%.
4.1.2. Influence of converging angle

For converging and sloping channels, best correlation of
results obtained was reached by using the minimum
inter-plate spacing [20]. It can be observed in Fig. 4 that
numerical results do not follow the same asymptotical
fully-developed behaviour at low enough Ra� for different
values of c. For converging channel, with dimensionless
governing parameters based on minimum inter-plate
spacing, _m increases as well as converging angles does,
for a low enough Ra�. The reason for that might be the aug-
mentation of fluid volume under buoyancy force. In a pre-
vious work, Kaiser et al. [20], an asymptotic correlation for
average Nusselt number and for fully-developed regime
was obtained by the assumption of differential body forces
over the flow field. As reported in that previous work, the
relative increase of specific buoyancy force with respect to a
vertical parallel channel of b� L dimensions was propor-
tional to ðcos cÞðsin cÞ. Taking this into account, next
expression
Fig. 4. Non-dimensional mass flow rate U as a function of modified Rayleigh n
sloping angle H ¼ 0	, and aspect ratio b=L ¼ 0:1.
Ufd ¼ U1 1þ 3:0
ðcos cÞ2ðsin cÞ

U1

" #
; ð23Þ

adjust accurately to numerical results, for low enough Ra�,
with U1 ¼ 1=12.

The boundary layer expression for dimensionless mass
flow rate takes the form:

Ubl ¼AðRa� cos cÞB; ð24Þ

fitting with A ¼ 0:967 and B ¼ �0:646, as expected, for
103
6 Ra� 6 105 and also a deviation about 7%.
4.1.3. Influence of slope and converging angles

To find the combined influence of both sloping and con-
verging angles, additional computations for H ¼ 15�, 30�,
45� and 60�, for c ¼ 15	 and c ¼ 30	 were carried out.
The overlapping of results obtained (see Fig. 5, for c ¼
30	 and b=L ¼ 0:1) takes place by changing Ra� by
Ra�ðcos HÞðcos cÞ. In this way, for boundary layer regime
(103

6 Ra� 6 105),

Ubl ¼AðRa� cos H cos cÞB; ð25Þ

closed obviously with A ¼ 0:967 and B ¼ �0:646, as the
cases corresponding to c ¼ H ¼ 0	. In order to simplify,
the slight influence of b=L on coefficients A and B is ne-
glected. The effects of b=L will be retained on the
blended-correlation exponent n, described later.
4.1.4. Generalized correlation proposed

According to numerical results presented in this paper
for laminar flow, a correlation is determined both for
fully-developed and for boundary layer regimes, by using
the general expression suggested by Churchill and Usagi
[26],
umber Ra� and converging angle c, for a channel with isothermal heating,



Fig. 5. Non-dimensional mass flow rate U as a function of Ra�ðcos HÞðcos cÞ, for a channel with isothermal heating, c ¼ 30	, H ¼ 15	; 30	; 45	; 60	, and
aspect ratio b=L ¼ 0:1. Comparison with the case corresponding to c ¼ H ¼ 0.

Fig. 6. Global correlation for non-dimensional mass flow rate as a function of Ra�ðcos HÞðcos cÞ and converging angle c, for a channel with isothermal
heating, H ¼ 0	 and b=L ¼ 0:1.
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U ¼ ½Un
fd þ Un

b�
1=n
; ð26Þ
where n is a blended coefficient. The global correlation
takes the form (see Fig. 6):

U ¼
(

U1 1þ 3:0
ðcos cÞ2ðsin cÞ

U1

 !" #n

þ 0:967ðRa� cos H cos cÞ�0:646
h in

)1=n

: ð27Þ
The value of n is obtained by correlating the numerical re-
sults obtained in this work. This exponent, as a function of
b=L and c, may be determined by:
n ¼ � 1

6
9:0� sin1=3 c

0:14þ ðb=LÞ

 !
: ð28Þ

Correlation (27) fits to numerical results for Ra� ¼ 10�2

to 105, 0 6 H 6 60	, 0 6 c 6 30	, and b=L ¼ 0:03 to
0.25, with an average error about 6%.
4.2. Second part: Turbulent flow

Fig. 7 shows a comparison between results obtained in
this work and those reported by using the k–� turbulence
model by Akbari and Borgers [27] and Chen [28], for asym-
metrical heating conditions. Although the results presented
show a similar trend, some difference can be observed,



Fig. 7. Comparison of non-dimensional mass flow rate obtained by Akbari and Borgers [27] and Chen [28], and those obtained in this work, for a channel
with asymmetric heating conditions and turbulent flow. c ¼ H ¼ 0	.
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mainly with respect to the results presented by Chen [28],
for high Ra�. These differences may be due to the fact that
Chen [28] analyzed a different configuration, including spe-
cific horizontal inlet and outlet regions.

Versteegh and Nieuwstadt [7] studied, through DNS, the
flow induced by natural convection in a vertical channel
with a temperature difference between isothermal walls of
39.1 �C, enough to reach the turbulent regime with the geo-
metrical and physical conditions considered. They avoid
resolving the transition from laminar to turbulent regime.
Aiming to validate their numeric results, these authors
present experimental results of some of the analyzed cases.
Fig. 8 shows the profiles of non-dimensional velocity
obtained with DNS and experimentally by Versteegh and
Nieuwstadt [7], and also the profiles obtained in this work
by means Fluent and Phoenics codes. It can be observed a
good agreement between our results and those obtained
experimentally. In addition, although results are not
Fig. 8. Comparison between velocity profiles obtained in this work (using Flue
[7], for a vertical channel with isothermal heating. c ¼ H ¼ 0	. b=L ¼ 1=28:6 a
shown, a good agreement between our results and those
obtained by Habib et al. [29] was also reached.

In high turbulent flows induced by natural convection in
channels, thermal boundary layers close to both walls are
very thin and they practically do not interfere one to each
other. The core region remains mainly unheated, and the
heat transfer rate do not depend on inter-plate spacing.
Described behaviour is not reproduced for mass flow rate,
probably due to the larger velocity gradients reached in tur-
bulent boundary layers, which carry away, near enough to
these shear-wall layers, an appreciable amount of fluid,
arising out of the core region. This reveals a relevant influ-
ence of viscosity even into regions relatively detached from
walls. So, since mass flow rate has been obtained by across
integration of velocity profile, aspect ratio appears as an
outstanding parameter.

The following considerations about the form of correla-
tions can be made. In literature, correlations for average
nt and Phoenics codes) with those obtained by Versteegh and Nieuwstadt
nd b ¼ 0:076 mm.
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Nusselt number (based on b) were reported usually as a
function of Ra�, for laminar flow. For turbulent cases, as
widely employed practice, the thermic behaviour of flow
was assimilated to that corresponding to an isolated plate,
i.e., assuming that influence of inter-place spacing of the
channel is negligible. Since thermal boundary layer is very
thin for fully turbulent flow, best correlation of average
Nusselt number (based on L) might be based on RaL. As
aforementioned, in this work, a different behaviour of tur-
bulent velocity boundary layer, was observed. Thus, it can
be expected the next correlation form for the mass flow rate
U 
AðRa�ðb=LÞCÞB.

The results obtained for U in vertical channels varying
Ra� from 104 to 1012 have been reported in Fig. 9, for val-
Fig. 10. Influence of sloping angle over non-dimensional mass flow rate in an
correlation proposed. c ¼ 0	, b=L ¼ 0:1.

Fig. 9. Non-dimensional mass flow rate as a function of Ra� for different v
ues of aspect ratio from 0.03 to 0:25. It can be observed
that results obtained using both Fluent and Phoenics codes
follow a same trend. The following correlation fits to
numerical results obtained with Fluent:

U ¼A Ra�ðb=LÞC
� �B

; ð29Þ

with A ¼ 0:2, B ¼ �0:544 and C ¼ 0:54. For
107
6 Ra� 6 1012, average deviation between numerical

results and above expression is equal to 7%.

4.2.1. Influence of sloping angle

In the results obtained through this research, it can be
observed that as the sloping angle of the centreline of the
inclined channel. Isothermal, symmetrical heating conditions. Numerical

alues of b=L. Isothermal channel with symmetrical heating. c ¼ H ¼ 0	.
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channel increases, the difference between the turbulence
intensity generated in the lower plate with respect to that
generated in the upper one, increases too. It can also be
appreciated an asymmetrical field of velocity in the channel
exit. Results obtained fit an expression like (29), including
ðRa� cos HÞ instead of Ra�. This can be observed in Fig. 10.

4.2.2. Influence of converging angle

Fig. 11 shows results obtained for U as a function of Ra�

and c. It can be appreciated a change of trend in the results
of U for a Ra� of the order of 105, for b=L ¼ 0:1 and
H ¼ 0	, agreeing with the statements by Churchill and
Chu [30], which summarise the transition from laminar to
turbulent regime for vertical plates in RaL � 109 (note that
for Ra� ¼ 105 and b=L ¼ 0:1, RaL ¼ Ra� � ðb=LÞ4 ¼ 109).
Fig. 11. Influence of converging angle over non-dimensional mass flow rate, a
b=L ¼ 0:1. Numerical correlation proposed.

Fig. 12. Overlapping of results obtained for non-dimensional mass flow rate,
correlation proposed.
Then, according with above papers analyzed, the roughly
limit RaL ¼ 109 can be accepted as good for transitional
point from laminar to turbulent flow, for isolated plate
and for channels with high aspect ratio, taking into account
some light deviations caused by geometrical parameters (as
sloping angles). The influence of the initial turbulence
intensity considered will be exposed later. Results obtained
fit an expression like (29), including ðRa� cos cÞ instead of
Ra� (see Fig. 11).

4.2.3. Influence of slope and converging angles. Generalized

correlation

In order to obtain the influence of the sloping angle on U
in convergent channels for turbulent regime, the cases pre-
sented were solved for converging angles of c ¼ 15	 and
s a function of Ra�. Isothermal, symmetrical heating conditions. H ¼ 0	,

for turbulent flow. Isothermal, symmetric heating conditions. Numerical
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30�, and for sloping angles of the channel H ¼ 15	, 30�, 45�
and 60�. Once again, the factor ðcos H cos cÞ leads to obtain
the overlapping of results (see Fig. 12).

The results obtained for U, in turbulent regime, within
of a channel with symmetrical heating, including the effects
of aspect ratio, sloping and convergence angles, can be col-
lated by the following correlation (see Fig. 12):

U ¼A½Ra� cos H cos cðb=LÞC�B; ð30Þ
also with A ¼ 0:2, B ¼ �0:544 and C ¼ 0:54, for 107

6

Ra� 6 1012, 0	 6 c 6 30	, 0	 6 H 6 60	, and for the
wide range of values of b=L studied. The average error
was equal to 6.4%. Note that rearranging Eqs. (25) and
(30) as a function of Rayleigh number based on L, leads
to U 
 Ra�0:646

L ðb=LÞ�2:584, and U 
 Ra�0:544
L ðb=LÞ�2:470, for

laminar boundary layer regime, and fully-developed turbu-
lent flow, respectively. While dependence on Rayleigh
number changes significantly (19%), the exponents ob-
tained for b=L are similar (a discrepancy of 4.6%), so, the
influence of aspect ratio on the non-dimensional mass flow
rate is mainly the same, for both boundary layer laminar
and fully turbulent regimes.

4.2.4. Influence of turbulence intensity

4.2.4.1. Validation of the numerical results. In Fig. 13,
numerical results are compared with those obtained exper-
imentally by Miyamoto et al. [13], for a channel of L ¼ 5 m,
b ¼ 95 mm, with asymmetrical heating. One plate remained
adiabatic, while in the other one a heat flux equal to
208 W/m2 was imposed (this case corresponds to RaL ¼
5� 1014). For a low value of turbulence intensity,
I ¼ 2%, a change of trend in results obtained for local Nus-
selt number Nux seems to indicate the transition to turbu-
lent flow at a section next to the channel outlet.
Fig. 13. Comparison with experimental results reported by Miyamoto et al. [2]
one of walls equal to 208 W/m2, and b ¼ 95 mm, L ¼ 5 m, RaL ¼ 5� 1014. c ¼
Experimental results show that transition occurs at a pre-
ceding section. It is possible to fit numerical results to
experimental results by means of adjusting the turbulence
intensity. Indeed, best agreement with regards to experi-
mental data is reached for I ¼ 2:5%. For higher values of
I (I ¼ 5%, 10%), the flow becomes fully turbulent, and
numerical results obtained are greater than those obtained
by Miyamoto et al. [13].

Fedorov and Viskanta [12] showed the strong influence
exerted by the turbulence intensity I in the local heat trans-
fer at the inlet of the channel. They presented distributions
of Nux along the wall of an isothermal channel with asym-
metrical heating, for Grb ¼ 2� 105, 4� 105, 6� 105 and
106, and I ¼ 0, 10 and 30%. Their results shown that for
Grb ¼ 4� 105 and I ¼ 0, the flow evolved from laminar
to turbulent at x=L ¼ 0:84. As the Grashof number
increased further, the transitional point moved closer to
the inlet; for Grb ¼ 106, the transition took place at
x=L ¼ 0:64. An increase in I at the inlet of channel yielded
an advance in transition. At the moment, results obtained
in present work have reproduced the same behaviour.
However, since above cases of Fedorov and Viskanta [12]
have been simulated in this work, some difference has been
detected. In Fig. 14, it can be observed that laminar flow
remains for Grb ¼ 2, 4 and 6� 105, transition occurs for
Grb ¼ 106, and higher values of I yield a strong turbulent
flow for the same value of Grb ¼ 106. For I ¼ 30%, average
Nusselt number is a 31% higher than corresponding value
to I ¼ 0, for Grb ¼ 106.

With regards to the influence of c and H, additional
computations were carried out for c ¼ 6	 and 15	, and
H ¼ 30	. It can be observed in the added graph of
Fig. 14 that increases of c and H drive to obtain lightly
higher Nusselt numbers, for the transitional value of RaL
, for an isothermal asymmetrically heated channel, imposing a heat flux at
H ¼ 0	.



Fig. 14. Distribution of local Nusselt number along heated wall for a channel with asymmetrical heating (one plate isothermal, one plate adiabatic), for
different values of Grb and turbulence intensity I. b=L ¼ 0:0125.
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outlined. However, the influence of I seems to be negligible
as well as c and H increases. This effect will be explained in
the following section.

4.2.4.2. Effects of I on the thermal behaviour. An important
aspect on design considerations is to fixe the suitable turbu-
lent excitation so as to obtain transition to turbulence;
Fig. 15. Average Nusselt number NuL as a function of RaL. Influence of turb
heating conditions. b=L ¼ 0:2.
however, a meaningful physical flow must be maintained.
In thermal passive systems, no external mechanical devices
are employed. A low value of initial turbulence at inlet
must be considered, since it is not expected additional tur-
bulence generating. In order to study the influence of I in a
more systematic way, results for NuL were obtained in a
vertical channel (c ¼ H ¼ 0), for turbulence intensity
ulence intensity I on the transitional range of RaL. Isothermal, symmetric
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I ¼ 0:02, 0.05, 0.1 and 0.2, a range of Rayleigh number
106
6 RaL \ 1016, b=L ¼ 0:2, and isothermal symmetric

heating. Additional computations with c ¼ 6	 and 15�,
and H ¼ 30	 were carried out.

The results show (see Fig. 15) that the bigger the turbu-
lence intensity in the entrance, the bigger the flow mixing in
the inlet zone and the local transition between laminar
regime and turbulent regime is less brusque. As expected,
turbulence transition may occur for low local Grashof (or
Fig. 16. Non-dimensional mass flow rate U as a function of RaL. Influence of tu
heating conditions. b=L ¼ 0:2.

Fig. 17. Profils of mean velocity at outlet of a channel with isothermal, symm
influence of turbulence intensity I. c ¼ H ¼ 0	. b=L ¼ 0:2.
Rayleigh) number, if a great turbulence excitation is
imposed at inlet. These differences lead to a maximum devi-
ation for NuL close to 18% between one case with I ¼ 2%
and other with I ¼ 20%, for the Rayleigh numbers consid-
ered in a transitional range (RaL ¼ 109 and c ¼ H ¼ 0). For
converging channels (c > 0), the added graph of Fig. 15
shows that the differences tend to diminish (11% for
c ¼ 6	 and 3% for c ¼ 15	), following the trend pointed
above. This is probably due do the relative decrease of
rbulence intensity I on the transitional range of RaL. Isothermal, symmetric

etric heating conditions, for two values of RaL, 106 and 1010, showing the
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the velocity at the channel inlet, where the turbulence
intensity is imposed. No significant influence of the sloping
angle H on the effects of I upon NuL has been found.

It can be concluded that the differences are really signif-
icant in a given range, RaL ¼ 5� 107 � 5� 1010, within the
set of the laminar-turbulent transition. For RaL P 1013,
deviations reached almost negligible, and results obtained
do not show neither in Fig. 15 nor 16.

4.2.4.3. Effects of I on the mass flow behaviour. The effects
explained in the last section were much more important
on the induced mass flow rate through the channel
(Fig. 16). It can be explained by the different influence of
turbulence effects over shear and thermal boundary layers,
respectively. For RaL in the transitional zone, although flow
pattern and velocity boundary layer show a similar aspect
close to the wall for different values of initial turbulence
intensity I, the fluid is compelled to move in the core region
in a more significant way for higher values of I (see
Fig. 17). This fact drives to obtain a drastic increase in
the mass flow rate. These important differences produce
also a change in the evolution of U as a function of RaL

for RaL > 109, and, for high enough values of RaL, the
trend becomes to be identical that those corresponding to
strong turbulence flow. For example, for RaL ¼ 109 and
c ¼ H ¼ 0, deviations with regards to I ¼ 2% case were
equal to 65%, 110% and 150%, for I ¼ 5%, I ¼ 10%, and
I ¼ 20%, respectively. While, for RaL ¼ 1010, deviations
were equal to 29%, 40% and 47%, respectively. The differ-
ences are lower for fully turbulent flow, as expected. The
added graph of Fig. 16 shows that the differences tend to
diminish for cases with c > 0, following the trend stated
above for NuL. For example, deviations are equal to 66%
and 8% for c ¼ 6	 and 15	, respectively, for RaL ¼ 109.
Once again, no significant influence of H on the effects of
I upon U has been found.

Finally, the change of trend between asymptotic laminar
and fully turbulent behaviour, which clearly can be
observed in Fig. 15 for NuL, practically do not appears in
Fig. 16 for U.

5. Concluding remarks

Buoyancy-driven flows in channels for whole range of
modified Rayleigh numbers Ra�, and for different converg-
ing and angles (c) and centreline sloping angles (H), have
been analyzed. Most of cases were solved for isothermal,
symmetric heating conditions. The low-Re k–x turbulence
model was validated through experimental and numerical
results taken from literature. The following concluding
remarks can be made:

1. The numerical results for turbulent flow linked with the
laminar ones obtained in a previous research, Kaiser
et al. [20].

2. For turbulent flow, the results obtained showed that
aspect ratio b=L influences on non-dimensional mass
flow rate U in a significant way, probably due to the lar-
ger velocity gradients reached, which carry away an
appreciable amount of fluid, arising out of the core
region. Correlation of the form (29) has been stated.

3. For sloping and convergent channels, the results for U
could be fitted to those obtained for vertical channels
by modification of Rayleigh number through the geo-
metric factor (cos H cos c).

4. A generalized correlation for U has been reported (Eq.
(30)), valid for the wide range of Ra� outlined, involving
laminar and turbulent regimes, for a low value of initial
turbulence intensity (I ¼ 2% for the turbulent cases),
0:03 6 b=L 6 0:25, 0 6 c 6 30	, and 0 6 H 6 60	.

5. Finally, effects of initial turbulence intensity I, were
much more important on non-dimensional mass flow
rate than on average Nusselt number, in the transitional
range. High values of I yielded an advance on the tran-
sitional Rayleigh number, while low values of I pro-
duced a significant deviation from asymptotic
behaviour corresponding to strong turbulent flow.
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